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Abstract
The evolution of weak discontinuity is investigated in the flat FRW universe with a single scalar field and with multiple
scalar fields. We consider both massless scalar fields and scalar fields with exponential potentials. Then we find that a new type
of instability, i.e., kink instability develops in the flat FRW universe with massless scalar fields. The kink instability develops
with scalar fields with considerably steep exponential potentials, while less steep exponential potentials do not suffer from
kink instability. In particular, assisted inflation with multiple scalar fields does not suffer from kink instability. The stability of
general spherically symmetric self-similar solutions is also discussed.
 2004 Elsevier B.V.
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Open access under CC BY license. 1. Introduction
Future precision observations of the cosmic mi-
crowave background radiation and/or gravitational
lensing phenomena will provide a large number of
new data to be analyzed and interpreted. The stan-
dard cosmology assumes that the observable part of
the universe on scales of the order of the present
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Open access under CC BY license. Hubble distance is almost spatially homogeneous and
isotropic. Actually, the data of WMAP for the cos-
mic microwave background radiation tell us that the
universe at the last scattering surface is well approx-
imated by the Friedmann–Robertson–Walker (FRW)
universe so that understanding of the detailed prop-
erties of the FRW universe is an important step in
cosmology [1].
One of the most important problems is how cos-
mological structures on various scales formed from
the very homogeneous and isotropic universe at early
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nario with cold dark matter well describes structure
formation from small primordial perturbations in our
universe [2].
Recently, a new kind of instability has been found
in the studies of self-similar solutions. Self-similar so-
lutions are defined in terms of a homothetic Killing
vector field in general relativity [3] and include a class
of the flat FRW solutions. The instability concerns
weak discontinuity. If the perturbations with weak
discontinuity are inserted into a self-similar solution
which is unstable against this mode, the discontinu-
ity grows as time proceeds. This instability has been
called kink instability. Kink instability of self-similar
solutions was originally found by Ori and Piran in
spherically symmetric isothermal gas systems in New-
tonian gravity [4]. In general relativity, Harada inves-
tigated the kink instability of self-similar solutions for
the spherical system of a perfect fluid with the equa-
tion of state p = kµ [5]. The present authors investi-
gated the kink instability of self-similar solutions for
the spherical system of a stiff (k = 1) fluid and those
of a massless scalar field [6]. These works have shown
that the kink instability can occur in a large class of
self-similar solutions. In particular, the work in gen-
eral relativity showed that the flat FRW universe is
unstable for a perfect fluid for 1/3  k  1 and for
a massless scalar field.
In this Letter we derive a stability criterion against
kink mode perturbations for the power-law flat FRW
universe with a single scalar field and with multiple
scalar fields with and without exponential potentials,
which arise naturally in supergravity [7] or theories
obtained through dimensional reduction to effective
four-dimensional theories [8,9]. The stability of gen-
eral spherically symmetric self-similar solutions with
scalar fields is also discussed in Appendix A. We adopt
the units such that c = G = 1 and the abstract index
notation of [10].
2. Stability criterion for the flat FRW universe
2.1. Power-law flat FRW solution with and without
exponential potentials
We begin with the action which describes the self-
gravitating system of scalar fields with and withoutexponential potentials.
S =
∫
d4x
√−g
{
1
8π
R
(2.1)−
n∑
i=1
[
1
2
(∇φi)2 + Vie−
√
8πλiφi
]}
,
where {Vi |i = 1, . . . , n} and {λi |i = 1, . . . , n} are n
real non-negative and positive constants, respectively.
In this model we currently have n real scalar fields
{φj |j = 1, . . . , n}, for which the total potential has the
form
(2.2)Vtot ≡
n∑
i=1
Vie
−√8πλiφi .
If Vj = 0, then φj is massless and λj is meaningless.
We assume 0 < λ1  λ2  · · ·  λn without loss of
generality. This action has been considered in the con-
text of assisted inflation [11–13]. The action involv-
ing a perfect fluid has been studied by several authors
[13,14].
Then the total energy–momentum tensor is given
by
(2.3)
T ab =
n∑
i=1
(
∇aφi∇bφi − 12g
ab∇cφi∇cφi
)
− gabVtot,
while equations of motion for {φj } is given by
(2.4)∇a∇aφj = ∂Vtot
∂φj
.
We consider the power-law flat FRW spacetime
with the metric;
(2.5)ds2 = −dt2 +
(
t
t0
)2α(
dr2 + r2 dΩ2),
where α and t0 are constants and dΩ2 ≡ dθ2 +
sin2 θ dϕ2.
We first show that there are no power-law flat
FRW solutions which include both non-trivial mass-
less scalar fields and scalar fields with exponential po-
tentials. When there exist m scalar fields {φj |1 j 
m} with a total potential ∑mi=1 Vi exp(−√8πλiφi)
and (n−m) massless scalar fields {φj |m+1 j  n},
the Einstein equations Gab = 8πTab and the equations
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(2.6)
−3α(α − 1) = 8πt2
[
n∑
i=1
φ2i,t −
m∑
i=1
Vie
−√8πλiφi
]
,
(2.7)α(3α − 1) = 8πt2
m∑
i=1
Vie
−√8πλiφi ,
(2.8)t2φj,t t + 3αtφj,t =


√
8πλjVj t2e−
√
8πλjφj
(for 1 j m),
0 (for m + 1 j  n),
where the comma denotes the partial derivative. From
Eqs. (2.6) and (2.7), we obtain
(2.9)α = 4πt2
n∑
i=1
φ2i,t ,
so that {φj } must have the form
(2.10)φj = −κj ln t + Cj ,
where {κj } are constants satisfying
(2.11)α = 4π
n∑
i=1
κ2i ,
and {Cj } are constants. We can set Cj = 0 for all
j by redefining the scalar field. From Eq. (2.7) and
the assumption of Vj > 0 for 1  j  m, κj =
−2/(√8πλj ) must be satisfied for 1  j  m. Then
Eqs. (2.7) and (2.8) reduce to
(2.12)α =
m∑
i=1
2
λ2i
.
On the other hand, we obtain from Eq. (2.11) that
(2.13)α =
m∑
i=1
2
λ2i
+ 4π
n∑
i=m+1
κ2i .
Eqs. (2.12) and (2.13) give a contradiction κj = 0 for
m + 1  j  n. Therefore, we conclude that if the
power-law flat FRW solution includes both massless
scalar fields and scalar fields with exponential poten-
tials, those massless scalar fields must be constant, i.e.,
trivial.
When there exist only massless scalar fields, the
Einstein equations and the equations of motion for
scalar fields give α = 1/3 and 4π∑ni=1 κ2i = 1/3,
while when there are no massless scalar fields, theygive
(2.14)α =
n∑
i=1
2
λ2i
,
(2.15)Vj = 14πλ2j
(
n∑
i=1
6
λ2i
− 1
)
.
The latter equation gives a condition
∑n
i=1 λ
−2
i > 1/6
for Vj > 0. Setting n = 1 in both cases, we can obtain
the results for a single scalar-field case.
For the later convenience, we transform the metric
(2.5) to the self-similar form (B.2). As shown in Ap-
pendix B, the flat FRW solution is self-similar if and
only if the scale factor obeys a power-law. Therefore
it is concluded that there are no self-similar flat FRW
solutions if there exist both non-trivial massless scalar
fields and those with exponential potentials. Because
the case with α = 1 is exceptional, in which the homo-
thetic Killing vector is not tilted [15], we consider only
the case with α = 1. With a coordinate transformation
r = |1 − α|−1tα0 r¯1−α , the metric (2.5) is transformed
to the self-similar form (B.2) as
(2.16)ds2 = −dt2 + z2α(dr¯2 + (1 − α)−2 r¯2 dΩ2),
where z ≡ t/r¯ is the self-similarity coordinate.
The particle horizon z = 1 plays an important role
in the following analysis. This is because it is a sim-
ilarity horizon, which is given by a radial null ray on
which z is constant.
2.2. Kink instability
We consider general full-order spherically symmet-
ric perturbations with scalar fields such as
ds2 = −e2σ¯ (t,r¯) dt2 + z2αe2ω¯(t,r¯) dr¯2
(2.17)+ (1 − α)−2z2αr¯2e2η¯(t,r¯) dΩ2,
(2.18)φj = −κj ln t + ψ¯j (t, r¯).
Hereafter we adopt the isotropic coordinates, in which
ω¯ = η¯. We define the following coordinates:
(2.19)Z ≡ ln z,
(2.20)T ≡ ln t,
in which Eqs. (2.17) and (2.18) are represented by
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− 2e2(α−1)Z+2T+2ω dT dZ
+ e2(α−1)Z+2T+2ω dZ2
(2.21)+ (1 − α)−2e2(α−1)Z+2T+2ω dΩ2,
(2.22)φj = −κjT + ψj (T ,Z),
where
σ(T ,Z) ≡ σ¯ (t (T ), r¯(T ,Z)),
ω(T ,Z) ≡ ω¯(t (T ), r¯(T ,Z)),
ψj (T ,Z) ≡ ψ¯j
(
t (T ), r¯(T ,Z)
)
,
for 1 j  n.
We consider perturbations σ , ω and {ψj } which sat-
isfy the following conditions:
(1) The initial perturbations vanish outside the
similarity horizon;
(2) σ , ω, {ψj } and {ψ ′j } are continuous, in partic-
ular at the similarity horizon Z = 0, where a prime
denotes the derivative with respect to Z;
(3) {ψ˙ ′′j } and {ψ ′′j } are discontinuous at the similar-
ity horizon, although they have finite one-sided limit
values as Z → −0 and Z → +0, where a dot denotes
the derivative with respect to T ;
(4) The quasi-local mass is continuous, i.e., there
are no singular hypersurfaces in the spacetime.
Now we consider the behavior of the perturba-
tions at the similarity horizon. The perturbations sat-
isfy ψj = ψ ′j = 0 for all j and ψ ′′j = 0 for some j
at the similarity horizon at the initial moment T = T0
due to condition (2). The evolution of the initially un-
perturbed region is completely described by the back-
ground flat FRW solution because information from
the perturbed side cannot penetrate the unperturbed
side due to condition (1). Then, we find σ = ω = 0,
ψj = ψ ′j = 0 for all j and ψ ′′j = 0 for some j at the
similarity horizon for T  T0 due to conditions (2) and
(3). The Misner–Sharp quasi-local mass m is defined
by
(2.23)m = R
2
(
1 − R,µR,µ
)
,
where R is the circumferential radius. Because of
R = |1 − α|−1 exp((α − 1)Z + T +ω)in the present case, ω′ = 0 is satisfied at the similar-
ity horizon due to condition (4). Then we find σ ′ = 0
from the equation of motion for scalar fields. From the
(00) + (01) and (11) + (01) components of the Ein-
stein equations
Rab = 8π
(
Tab − 12gabT
)
,
ω′′ = 0 and σ ′′ = 0 are obtained, respectively. Differ-
entiating the equation of motion for scalar fields with
respect to Z and estimating both sides at the similarity
horizon, we obtain
(2.24)ψ˙ ′′j − (1 − 2α)ψ ′′j =
1
2
lim
Z→0
(
1 − e2(α−1)Z)ψ ′′′j ,
for each j . We can show that the right-hand side van-
ishes [6]. Finally, the full-order perturbation equation
for ψ ′′j at the similarity horizon is obtained as
(2.25)ψ˙ ′′j = (1 − 2α)ψ ′′j .
It should be noted that the perturbations are those of
full-order although this equation is linear. This equa-
tion can be integrated to obtain
(2.26)ψ ′′j ∝ e(1−2α)T .
Therefore, it is found that the perturbation decays ex-
ponentially for α > 1/2, it is constant for α = 1/2 and
it grows exponentially for α < 1/2.
It is noted that these perturbations are gauge-
independent as shown in Appendix C. Here we define
instability by the exponential growth of discontinuity.
Then we find the following criterion: the flat FRW uni-
verse with α > 1/2 are stable against the kink mode,
while those with α < 1/2 are unstable. Solutions with
α = 1/2 are marginally stable against this mode.
Although we concentrate on the flat FRW solutions
in this Letter, we can obtain the stability criterion for
general spherically symmetric self-similar solutions
with regular similarity horizons adopting the similar
analysis as that in [6], which is summarized in Appen-
dix A.
3. Discussions
We have derived the stability criterion for spher-
ically symmetric self-similar solutions with scalar
fields with independent exponential potentials to suffer
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Stability of kink mode perturbation in the flat FRW universe with a
perfect fluid with the equation of state p = kµ. The power index α
of the scale factor is given by α = 2/[3(1 + k)]. See [5] for details
Parameter Power index α Stability
0 < k < 1/3 1/2 < α < 2/3 Stable
k = 1/3 α = 1/2 Unstablea
1/3 < k  1 1/3 α < 1/2 Unstable
a In this case, although the linear stability is marginal, non-linear
effect causes non-exponential instability.
Table 2
Stability of kink mode perturbation in the flat FRW universe with
scalar fields. For exponential potentials, we consider the sum of
independent potentials, Vtot = ∑i Vi exp(−√8πλiφi ), for scalar
fields {φi }, where the power index α of the scale factor is given
by α = 2∑i λ−2i
Potential Parameters Power index α Stability
Massless – α = 1/3 Unstable∑
i λ
−2
i
> 1/4 α > 1/2 Stable
Exp
∑
i λ
−2
i
= 1/4 α = 1/2 Marginal
1/6 <
∑
i λ
−2
i
< 1/4 1/3 <α < 1/2 Unstable
from kink instability. It can be applied to any spher-
ically symmetric self-similar solutions with regular
similarity horizons. The kink instability, which we
have considered here, was studied in general relativ-
ity for a perfect fluid with an equation of state p = kµ
[5,6] and for a massless scalar field [6]. We focus on
the flat FRW universe in this Letter, for which result
is summarized in Tables 1 and 2. This is a new kind
of instability of the FRW universe. We first discuss the
relations of our result to other studies in the literature
on the system with scalar fields with or without expo-
nential potentials. After that, we discuss astrophysical
or cosmological implications of the kink instability of
the flat FRW universe.
Let us see the flat FRW universe filled with a single
matter field. The FRW universe is unstable for a per-
fect fluid with 1/3 k  1, for a massless scalar field
and for a scalar field with an exponential potential for
4 < λ2 < 6. These results suggest that if there exists a
phase in the flat FRW universe in which a scalar field
dominates other matter fields, the scalar field with an
exponential potential for 0 < λ2 < 4 is preferred rather
than a massless scalar field. Such a potential naturally
arises in supergravity [7] or theories obtained throughdimensional reduction to effective four-dimensional
theories [8,9].
Kitada and Maeda [16,17] showed the cosmic no-
hair theorem, which is a generalization of the result
by Wald [18] and states that all ever-expanding ho-
mogeneous models which contain a scalar field with
an exponential potential together with a matter field
satisfying the dominant energy condition asymptote to
the inflationary flat FRW solution for 0 < λ2 < 2. Ac-
cording to the criterion obtained in this Letter, the flat
FRW solution with 4 < λ2 < 6 suffers from kink mode
perturbations, which are kinds of inhomogeneous per-
turbations, so that our result does not affect the cosmic
no-hair theorem.
Next let us move on to the case where the flat FRW
universe is filled with multiple scalar fields. In such
a situation, Liddle, Mazumdar and Schunck proposed
assisted inflation, where an arbitrary number of scalar
fields with independent exponential potentials evolve
to the inflationary flat FRW solution even if each in-
dividual potential is too steep to support inflation by
its own [11]. Coley and van den Hoogen showed that
the assisted inflationary solution is a global attractor
in the spatially homogeneous and isotropic universe
if
∑n
i=1 λ
−2
i > 1/2 [13]. Together with the result on
the spatially homogeneous scalar-field cosmological
models by Billyard et al. [19], they concluded that the
assisted inflationary solution is a global attractor for all
ever-expanding spatially homogeneous cosmological
models with multiple scalar fields with exponential po-
tentials provided
∑n
i=1 λ
−2
i > 1/2 [13]. According to
the criterion obtained in this Letter, the expanding flat
FRW solution with
∑n
i=1 λ
−2
i > 1/4 does not suffer
from kink instability, so that our result does not affect
the genericity of assisted inflation even if we allow ini-
tial data with weak discontinuity in the second-order
derivative of the scalar field.
For any case of the flat FRW universes we have
seen in this Letter, we find that the stability of the flat
FRW universe against kink mode perturbation changes
from stability to instability as the power index α of the
scale factor increases through 1/2, which is clear from
Tables 1 and 2. This suggests that the cosmological
kink instability is related to the expansion-law of the
universe rather than the characteristics of the matter
fields.
The kink instability is particularly important for the
flat FRW universe in the radiation (k = 1/3) domi-
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which assume a stage when the effective equation of
state is “harder” than the radiation fluid. Because the
flat FRW solution is homogeneous, we can choose any
point as a symmetric centre in the present analysis.
This implies that a bubble-like structure will develop
and the bubble walls collide with each other. This
consideration suggests that density perturbations can
arise in different scales as a result of multiple bubble
wall collisions. Although the product of kink instabil-
ity has not been clear yet, it is plausible that it will
bring shock-wave formation, which could be impor-
tant for the cosmological structure formation. Actu-
ally, the shock-wave formation has been observed in
the numerical simulations of the gravitational collapse
of the density fluctuations in the radiation-dominated
flat FRW universe [20]. The outcome of the instabil-
ity and the effect on the structure formation should be
comprehensively investigated.
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Appendix A. Stability criterion for general
self-similar solutions
Here we show that kink instability may occur in a
very large class of spherically symmetric self-similar
spacetimes. The analysis for the case of a single mass-
less scalar field [6] is straightforwardly extended to the
case of multiple scalar fields.
We adopt the Bondi coordinates for spherically
symmetric spacetimes as
(A.1)ds2 = −gg¯ du2 − 2g dudR + R2 dΩ2,
where g = g(u,R) and g¯ = g¯(u,R). For later conve-
nience we define new functions {h¯j (u,R)} as
(A.2)φj (u,R) = h¯j (u,R) − κj ln |u|,where {κj |j = 1, . . . , n} are constants. We define the
following self-similar coordinates:
(A.3)x ≡ −R
u
, X ≡ ln |x|, U ≡ − ln |u|.
We refer to u < 0 and u > 0 as early time and late
time, respectively. As u is increased, U increases in
early times, while U decreases in late times. As u is
fixed and R is increased, X increases.
Then the Einstein equation and the equations of
motion for scalar fields reduce to the following par-
tial differential equations:
(A.4)(lng)′ = 4π
n∑
i=1
h¯′2i ,
(A.5)
g¯′ = g
(
1 − 8πr2
n∑
i=1
|u|
√
8πλiκi Vie
−√8πλi h¯i
)
− g¯,
g
(
g¯
g
)′
= −g
(
g¯
g
)˙
+ 8π
n∑
i=1
( ˙¯hi + h¯′i + κi)
(A.6)× {x( ˙¯hi + h¯′i + κi)− g¯h¯′i},
(
g¯h¯′j
)′ + g¯h¯′j = −√8πλjgr2|u|√8πλj κj Vj e−√8πλj h¯j
(A.7)
+ 2x[( ˙¯hj + h¯′j )+ ( ˙¯hj + h¯′j )′ + κj ],
where the dot and prime denote the partial derivatives
with respect to U and X, respectively.
A.1. Self-similar multi-scalar-field solutions
For self-similar solutions, we assume that g =
g(x), g¯ = g¯(x) and h¯j = h¯j (x) for all j . From
Eq. (A.7), κj is arbitrary if φj is massless [21], while
κj = −2/(
√
8πλj ) should be satisfied otherwise for
consistency [22]. Dropping the terms with dots in
Eqs. (A.4)–(A.7), we obtain a set of ordinary differ-
ential equations for g, g¯ and {h¯j }.
These equations are singular at g¯ = 2x , which is
called a similarity horizon. We denote the value of x
at the similarity horizon as x(s) and also the value of X
as X(s) ≡ ln |x(s)|. We consider self-similar solutions
with finite values of functions g, g¯, {h¯j } and {h¯′j } and
their gradients with respect to X at the similarity hori-
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(A.8)g(s) = x(s)(2 + 8π
∑n
i=1 κ2i )
1 − 8πx2(s)
∑n
i=1 Vie−
√
8πλi h¯i(s)
,
(A.9)g¯(s) = 2x(s),
(A.10)h¯′j (s) =
2κj −
√
8πλj x(s)g(s)Vj e−
√
8πλj h¯j (s)
8π
∑n
i=1 κ2i
,
for κj = 0, where the subscript (s) denotes the value
at the similarity horizon. When κj = 0 for all j , which
can be satisfied in the case that all scalar fields are
massless, i.e., Vj = 0 for all j , we find
(A.11)g(s) = g¯(s) = 2x(s), h¯′j (s) = h¯′j (s),
at the similarity horizon. A similarity horizon corre-
sponds to a radial null curve because
(A.12)dX
dU
= 1 − g¯
2x
is satisfied along a radial null curve. No information
propagate inwardly beyond the similarity horizon in
early-time (late-time) solutions for g(s)g¯(s) > (<)0,
while no information propagate outwardly beyond the
similarity horizon in late-time (early-time) solutions
for g(s)g¯(s) > (<)0.
A class of the expanding flat FRW solutions be-
longs to the late-time self-similar solutions with an
analytic similarity horizon. The flat FRW solutions
are characterized by the parameters {κj }, which are
gauge-independent. Actually, the FRW solution in the
same coordinates with those used in this appendix was
obtained by Christodoulou for the case of a massless
scalar field [23].
A.2. Kink instability of self-similar solutions
We consider perturbations which satisfy the follow-
ing conditions in the background self-similar solution:
(1) The initial perturbations vanish inside the simi-
larity horizon for early-time (late-time) solutions with
g(s)g¯(s) > (<)0. (Conversely, the initial perturbations
vanish outside the similarity horizon for late-time
(early-time) solutions with g(s)g¯(s) > (<)0.)
(2) g, g¯, {h¯j } and {h¯′j } are continuous everywhere,
in particular at the similarity horizon.(3) {h¯′′j } and { ˙¯h′′j } are discontinuous at the similar-
ity horizon, although they have finite one-sided limit
values as X → X(s) − 0 and X → X(s) + 0.
We denote the full-order perturbations as
(A.13)δg(U,X) ≡ g(U,X) − g(b)(X),
(A.14)δg¯(U,X) ≡ g¯(U,X) − g¯(b)(X),
(A.15)δh¯j (U,X) ≡ h¯j (U,X) − h¯j (b)(X),
where g(b), g¯(b) and {h¯j (b)} denote the background
self-similar solution.
Now we consider the behavior of the perturbations
at the similarity horizon, of which we mean X →
X(s) − 0 for g(s)g¯(s) > 0, while X → X(s) + 0 for
g(s)g¯(s) < 0. Applying the similar analysis as that in
[6], we finally obtain the full-order perturbation equa-
tion for δh¯′′j at the similarity horizon is obtained as
(A.16)δ ˙¯h′′j =
(
−1 + 8π
n∑
i=1
κ2i
)
δh¯′′j .
This equation can be integrated to obtain
(A.17)δh¯′′j ∝ eβU ,
where
(A.18)β ≡ −1 + 8π
n∑
i=1
κ2i .
Therefore, for early-time solutions, it is found that the
perturbation decays exponentially for 8π
∑n
i=1 κ2i < 1,
it is constant for 8π
∑n
i=1 κ2i = 1 and it grows ex-
ponentially for 8π
∑n
i=1 κ2i > 1. The situation is re-
versed for late-time solutions.
It is noted that these perturbations are gauge-
independent as shown in Appendix C. Here we define
instability by the exponential growth of discontinuity.
Then we find the following criterion: for early-time
solutions, the solutions with regular similarity hori-
zon and 8π
∑n
i=1 κ2i < 1 are stable against the kink
mode, while those with 8π
∑n
i=1 κ2i > 1 are unstable.
Solutions with 8π
∑n
i=1 κ2i = 1 are marginally stable
against this mode. The situation is reversed for late-
time solutions. Setting n = 1, we reproduce the result
obtained in [6] for the case of a massless scalar field.
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as a self-similar spacetime
We prove that if the flat FRW spacetime is self-
similar, then the scale factor follows a power-law. We
show that the flat FRW spacetime with a metric
(B.1)ds2 = −dt2 + a(t)2(dr2 + r2 dΩ2),
can be transformed to a general spherically symmetric
metric
(B.2)ds2 = −A(z)2 dt2 + B(z)2 dr¯2 + C(z)2r¯2 dΩ2,
with a homothetic Killing vector
(B.3)t ∂
∂t
+ r¯ ∂
∂r¯
,
where z ≡ t/r¯ , if and only if the scale factor a(t)
obeys the power-law. We consider coordinate transfor-
mations from Eq. (B.1) to a self-similar form (B.2). t
remains unchanged, apparently, while we define a new
coordinate r¯ = r¯(r) to obey
(B.4)a(t)2 dr2 = B(z)2 dr¯2,
and
(B.5)a(t)2r2 = C(z)2r¯2.
Using a relation t = zr¯ and setting z = 1, we can
rewrite these equations as
(B.6)a2(r¯) = B(1)2(dr¯/dr)2,
and
(B.7)a2(r¯) = C(1)2(r¯/r)2.
These equations result in
(B.8)
(
dr¯
dr
)2
=
(
C(1)
B(1)
)2(
r¯
r
)2
.
This equation can be integrated to obtain
(B.9)r¯ ∝ rs ,
where s ≡ C(1)/B(1). Then Eq. (B.7) gives
(B.10)a2(r¯) ∝ r¯2(1−1/s),
and therefore we conclude that the scale factor obeys
the power-law:
(B.11)a(t) ∝ t(1−1/s).Inversely, as shown in Section 2.1, we prove that if
the flat FRW spacetime has a scale factor which fol-
lows the power-law, then the spacetime is self-similar
with α = 1.
It is noted that the case with α = 1 is also homo-
thetic, where the homothetic vector is given by t∂/∂t
[15].
Appendix C. Gauge-invariance of kink instability
To construct the gauge-invariant quantity we intro-
duce the 2 + 2 split of spherically symmetric space-
times according to [24]. We write the spherically sym-
metric spacetime as a product manifoldM= M2 ×S2
with metric
(C.1)gµν = diag
(
gAB, r
2γab
)
,
where gAB is an arbitrary Lorentz metric on M2, r is
a scalar on M2 with r = 0 defining the boundary of
M2, and γab is the unit curvature metric on S2. We
introduce the covariant derivatives on spacetimeM,
the subspacetime M2 and the unit sphere S2 with
(C.2)gµν;λ = 0,
(C.3)gAB|C = 0,
(C.4)gab:c = 0.
We also introduce totally antisymmetric covariant ten-
sors onM, M2 and S2, respectively:
(C.5)εµν = −ενµ, εµν;λ = 0, εµλενλ = −gνµ,
(C.6)εAB = −εBA, εAB|C = 0, εACεBC = −gBA,
(C.7)εab = −εba, εab:c = 0, εacεbc = −gba.
The kink mode concerns the density gradient on the
comoving slicing for the fluid case, which is gauge-
invariant [5,6]. For the scalar field case, it concerns the
second-order derivative of the scalar field [6]. From
the second-order derivative, we can construct a similar
quantity I such as
(C.8)I = εABgCDφj |Bφj |Dφj |AC,
for some j . Since the metric, the scalar field and
their first derivatives with respect to T and X are
not perturbed at the similarity horizon for the kink
perturbation, the full-order perturbation δI ≡ I − I(b)
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(C.9)δI = εABgCDφj |Bφj |Dδφj |AC,
where δφj = φj − φj(b).
For the perturbed FRW universe given in Section 2,
the line element on M2 is
ds2
M2 = −
(
e2σ(T ,Z) − e2(α−1)Z+2ω(T ,Z))e2T dT 2
− 2e2(α−1)Z+2T+2ω dT dZ
(C.10)+ e2(α−1)Z+2T+2ω dZ2.
Therefore, it is clear that for the background flat FRW
universe, the quantity I has a non-trivial value I(b)
even at the similarity horizon, i.e.
(C.11)I(b) = −2ακ3j e−2T .
δI in the limit to the similarity horizon is calculated to
be
(C.12)δI = κ2j e−2T ψ ′′j (s).
The factor e−2T is the same as that for the background
flat FRW universe. Therefore, we obtain for the pertur-
bation evolution in the limit to the similarity horizon
(C.13)δI
Ib
∝ ψ ′′j (s)(T ).
For more general case in Appendix A, the line ele-
ment on M2 can be written as
(C.14)ds2
M2 = gxe−2U
[(
2 − g¯
x
)
dU2 + 2 dU dX
]
.
Therefore, the quantity I has a non-trivial value I(b) at
the similarity horizon, i.e.
(C.15)I(b) = e2Uf (X),
where f (X) is a function of X.
In terms of the coordinates (U,X) presented in Ap-
pendix A, δI in the limit to the similarity horizon is
calculated to be
(C.16)δI = − e
2U
g(s)x(s)
φ˙2j (s)δφ
′′
j (s).
Or, using the notation presented in Appendix A, we
obtain
(C.17)δI = − e
2U
g(s)x(s)
κ2j δφ
′′
j (s),in the limit to the similarity horizon. The factor e2U is
the same as that for the background solution. There-
fore, we obtain for the perturbation evolution in the
limit to the similarity horizon
(C.18)δI
Ib
∝ δφ′′j (s)(U).
In the whole spacetime M the quantity I can be
written as
(C.19)I = εµνgλσφj ;νφj ;σ φj ;µλ.
It is clear that this is gauge-independent.
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